A Direct Current (DC) microgrid is a concept derived from a smart grid integrating DC renewable sources. The DC microgrids have three particularities: (1) integration of different power sources and local loads through a DC link; (2) on-site power source generation; and (3) alternating loads (on-off state). This kind of arrangement achieves high efficiency, reliability and versatility characteristics. The key device in the development of the DC microgrid is the power electronic converter (PEC), since it allows an efficient energy conversion between power sources and loads. However, alternating loads with strictly-controlled PECs can provide negative impedance behavior to the microgrid, acting as constant power loads (CPLs), such that the overall closed-loop system becomes unstable. Traditional CPL compensation techniques rely on a damping increment by the adaptation of the source or load voltage level, adding external circuitry or by using some advanced control technique. However, none of them provide a simple and general solution for the CPL problem when abrupt changes in parameters and/or in alternating loads/sources occur. This paper proposes a mathematical modeling and a robust control for the basic PECs dealing with CPLs in continuous conduction mode. In particular, the case of the low voltage residential DC microgrid with CPLs is taken as a benchmark. The proposed controller can be easily tuned for the desired response even by the non-expert. Basic converters with voltage mode control are taken as a basis to show the feasibility of this analysis, and experimental tests on a 100-W testbed include abrupt parameter changes such as input voltage.
Introduction
A Distributed Generation System (DGS) can be understood as a flexible structure in the generation, transmission, distribution and storage of electric energy [1] . Nowadays, it is a common practice to use DGS in smart grids. A smart grid based on a DGS must have the following characteristics: (a) fast response to load transients; (b) energy storage capability, which feeds electricity back to the grid from the client. (c) self-control of power load demands; and (d) intensive use of small power generators based on renewable energy sources [2] .
A relatively novel and important kind of smart grid is the DC microgrid. The DC microgrid is generally structured using DC renewable energy sources, for example fuel cells, photovoltaic panels, In contrast, [10] present a sufficient condition for the local stability of DC linear and time-invariant (LTI) circuits with CPLs. A set of steps that should be met for the reported method was also proposed. In order to validate their proposal, two cases were analyzed: a single-port DC RLC circuit with a constant voltage input connected to an ideal CPL and a two-port DC circuit with a single constant voltage input connected to two CPLs, both modeled as LTI systems. Likewise, in [11] , a sum of squares (SOS) technique for DC power networks with CPL was presented. In this paper, the region of attraction of the system was estimated by using the SOS and a semidefinite programming algorithm. Additionally, two methods were proposed and compared for the calculation of the region of attraction; it was stated that a reduction of the estimation was achieved by increasing the degree of a Lyapunov function. Furthermore, [12] reported a generalized method to algebraically analyze the stability of DC distribution systems. The authors derive necessary and sufficient conditions for stability by algebraically determining the system's eigenvalues. Furthermore, an insight into the parameter's relationship with the DGS stability was presented. Numerical simulations were reported to validate the proposed method, and unfortunately, practical results were not presented. Another interesting approach was reported in [13] . In this paper, a load side compensation technique was proposed by using a sliding mode (SM) approach. Additionally, a comparative study was performed with a PID controller. Besides the good dynamic response achieved by SM, only numerical simulations were reported. In [14] , inner and outer control loops for higher order PECs, such as SEPIC, Cuk and Zeta, connected to a CPL were proposed. For the inner loop, a virtual resistance, connected in series with the input inductor, worked as an active damping stage. An integral controller was added in the outer loop with the main aim to compensate the output voltage steady state error. In this paper, the stability conditions for the equilibrium points and a validation given by numerical simulation were reported. Practical experiments for a high order PEC were also reported. In [15] , the DC microgrid stability was analyzed for a known quantity of CPLs. In this paper, the problem was formulated as a robust stability problem of a polytopic uncertain linear system and a set of sufficient conditions to guarantee, at least locally, the robust stability. On the other hand, [16] investigated the DC microgrid with a resistive-inductive load in a CPL scheme using a droop control. A stability condition was discussed, and the corresponding stable region was obtained. Validation of the proposal was reported by numerical simulations. Unfortunately, practical results on a test bed were not reported. In [17] , two controllers were proposed: the first an integer order and the second a fractional order, for sliding mode controllers in a DC/DC boost converter feeding a CPL on a typical DC microgrid scheme. Nonlinear sliding manifolds and stability were also researched, and numerical simulations to compare their performance were reported. Nevertheless, practical results were not reported. Further information can be found in [18] . Finally, in [19] , the DC microgrid stability was analyzed for a known quantity of CPLs. The problem was formulated as a robust stability one for a polytopic uncertain linear system. A set of sufficient conditions to guarantee, at least locally, the robust stability was obtained. Several numerical simulations were reported to show the effectiveness and non-conservativeness of this proposal. Unfortunately, experiments were not performed.
From the previous paragraph, it can be noted that a large amount of research work has been done to solve the instability problem imposed by the CPLs and that many methods have been proposed to overcome the problem, but none of them provide a simple and more general solution for this issue. In this paper, the mathematical modeling, the robust control and the stability analysis for the basic PECs (buck, boost and buck-boost), even in a reconfigurable scheme dealing with CPLs and parameter variation in continuous conduction mode (CCM), are presented to gain knowledge about more complex configurations with CPLs. The reconfigurable converter presented in this paper is a kind of PEC that can change its structure while the activity is going on (on-the-fly), providing a high flexibility and increased operating range with few components; see, for example, [20] [21] [22] .
The major contributions of the proposed approach are listed below:
• Robust stability against arbitrary (bounded) changes in source voltage, output power, inductance and capacitance on the desired operating-point.
• Flexibility for use with the basic converters and even in a reconfigurable scheme.
•
Low implementation time and cost.
• Easy tuning for a certain desired response.
This paper is structured as follows. In Section 2, a unified model for the buck, boost and buck-boost PECs, in continuous conduction mode, voltage mode and current mode, is presented; then, the instability with CPLs is analyzed. In Section 3, a feedback linearization is used to build a linear parameter varying (LPV) system of the voltage-mode model. Robust stability against arbitrary (bounded) changes in source voltage and output power are analyzed so that the nonlinear CPL converter is stabilized on the desired operating point. In this section, a discussion is presented regarding the advantages and limitations of this scheme. After that, a Taylor series linearization is introduced for voltage and current mode; the latter in order to obtain the polytopic LPV representation for both cases. The advantages of the polytopic LPV as a natural representation of the CPL converter are highlighted. Subsequently, robust controllers are proposed in order to demonstrate analytically the stability of the polytopic systems despite that the CPLs are alternated/switched. It is necessary to mention that abrupt changes on CPL are a typical condition in renewable energy scenarios. In order to illustrate the robust stability of the proposed controller, even under arbitrary (bounded) changes, a 100-W testbed was implemented by using an inexpensive 100-W P-MOSFET and an 8-bit microchip microcontroller. Representative experimental tests with CPL, while an output voltage stabilization is reached, are presented in Section 4. Tests include parameter changes such as input voltage and CPL alternating. In this section, a brief comparison with other proposals is given. In the last section of this paper, final conclusions are given, which summarize the feasibility of the proposed model and control strategy to be robust in CPL scenarios and to be implemented on a low-cost platform.
Modeling
In this section, the models of the unified PEC for voltage-mode control and for current-mode control in continuous conduction mode are presented. That is, the mathematical models that are presented are valid for buck, boost and buck-boost converters. As reported in [7, 23] , the PEC dynamics for voltage and current control mode in discontinuous conduction mode with CPL are open-loop stable, and they are not within the scope of this article.
Voltage-Mode Modeling
In a microgrid scenario, several CPLs are switched depending on client necessities; each load can be modeled as a resistance with an additional current source parallel to its value of current, indirectly proportional to the voltage and directly proportional to the value of the constant power dissipated. A PEC provides adequate voltage/current levels to the CPL, but, since different voltage levels in the DC-link are needed for different kinds of CPLs, a PEC is attached to each DC-link in such a way that a cascaded configuration is structured. An example of such a configuration is shown in Figure 1 . For instance, a buck, a boost or a buck-boost converter stands for the PEC in the most common scenarios. In order to consider any of the above PECs, even in an on-the-fly reconfiguration between them, the reconfigurable PEC (RPEC) from [24] is used. This means that the following analysis is valid for any of the mentioned configurations even if a reconfiguration is performed. Consider the RPEC in Figure 2 ; each mode/reconfiguration can be modeled as follows.
The overall power demand is provided by one or more power supplies; however, this scenario can be easily simplified from the point of view of each RPEC, considering that the power source is a time-varying voltage/current source and that the load is a CPL (orange block in the figure) with a piecewise constant level or even as a fast varying power level. In this study, the CPL is simplified by a time-varying resistance with known bounds (known and bounded CPL levels); for instance, with S1, S2 closed and S3 open, a buck converter is configured with a CPL in its output as shown in Figure 3 . In this figure, the schematics of a buck-type PEC with varying parameters are shown.
The load resistance R(t) is indirectly proportional to a constant power value and directly proportional to the square of the output voltage V o (t), and it can represent a set of CPLs. Since the objective is to maintain V o (t) at a set-point level V x , a voltage/duty cycle representation is obtained as follows. Consider the nominal values for E(t) = e, L(t) = L and C(t) = C; note that later in this paper, a design range for the variation of these parameters will be considered for the stability analysis. Similar to [25] , by comparing the particular dynamic systems' descriptions with respect to the MOSFET (M) state, with ideal components, a dynamic model is obtained:
where the time dependence is omitted for readability and u d ∈ {0, 1} is a discrete function that represents the state of M with a 1 for closed and a 0 for open, in a high enough switching frequency operation. Redefining the control variable u d as a sufficiently smooth function taking values in the compact interval [0, 1], the averaged dynamic description that predicts the behavior of the PEC with CPL is:
The C ∞ differentiability property of the above system allows replacing Equations (3) in (4) to obtain the voltage-mode PEC with the CPL mathematical description:
where From [24] , the above mathematical representation is valid also for boost and for buck-boost topologies depending on the u value, that is in a reconfigurable scheme. Three operation modes are allowed, and each one of them is selected by a proper switching activation and by a pulse width modulation (PWM) MOSFET activation: where the following is obtained:
and with the PWM duty cycle for buck (ǔ), boost ( u) and buck-boost ( u) calculated by:
Note that a few extra components are needed for the reconfigurable on-the-fly topology. On the other hand, it is known that the instability property of a nonlinear system can be inferred from its linearization instability property (Theorem 4.15 of [26] ). The linearization of (5) and (6) in x 1 = V x , x 2 = 0 and u = u x is:ẋ 1 = x 2 (7)
and it has the following transfer function:
whose poles remain in the right-side complex semi-plane, even with no varying parameters, so that the instability property can be extended to the nonlinear system. Therefore, technically there exists the possibility of an output voltage drop for the open loop PEC with CPL even with time-invariant parameters. In the following section, a nonlinear control law that stabilizes the (7) and (8) system, even with varying parameters, is shown.
Current-Mode Modeling
From the dynamic system (1) and (2), it is easy to demonstrate that:
with u defined as in the previous section. The C ∞ differentiability property of the above system allows replacing Equations (10) in (11) to obtain the unified mathematical description:
where y 1 = I o and y 2 =İ o . The linearization of (12) and (13) in y 1 = I r , y 2 = 0 and u = u y is:
whose poles remain in the right-side complex semi-plane, in a way that the instability property can be extended to the nonlinear system.
Controller Design and Stability
In the following, linearization is used in order to determine a linear parameter varying system for a robust stability analysis. Firstly, a feedback linearization is performed in voltage mode, and after, Taylor series linearizations are performed for voltage and current mode control. Once each linear system is obtained, a simplice polytopic system is constructed that allows a stability analysis by means of a common Lyapunov function, as well as appropriate values of the controllers' gains. Note that the controllers are easy to implement for linearizations in Taylor series.
Feedback Linearization for Voltage-Mode Controller
Consider the system (5) and (6) . A feedback linearization is performed in order to obtain a linear polytopic system, with the main aim to demonstrate that it is robust against arbitrary parameter changes. The feedback proposed is as follows:
where k 1 , k 2 are controller gains; the system under the above controller action is obtained substituting u in the system (5) and (6):ẋ 1 = x 2 (18)
where:
Selecting k 1 > 0 and k 2 > 0, one has that α 1 > 0 and α 2 > 0. Consider parametric variation within known ranges, denoted by an underline for the minimum value and by an overline for the maximum value, as follows: e(t) ∈ [e, e], L(t) ∈ L, L and C(t) ∈ C, C . The linearized system (18) and (19) can be written as a polytopic, simplice system [27] :ẋ
where
simplice) and:
, and
That is, α 1 is the minimum value of α 1 for the defined parametric variation ranges and similarly for the other bound of α 1 and the boundaries of α 2 . From [28] , the quadratic stability of the system (22) is ensured if it is quadratically stable with θ 1 = 1, with θ 2 = 1, with θ 3 = 1 and with θ 4 = 1: Proposition 1. [28] The quadratic stability of the system (22) is equivalent to the existence of a P ∈ R 2×2 symmetric, positive definite matrix satisfying:
where A i denotes the i-th vertex and · ≺ 0 denotes a definite negative matrix.
That is, it is enough to demonstrate quadratic stability for all vertices; in fact, in such a case, a common Lyapunov function (CLF) can be constructed from one of the vertices. With that objective, from [26] , every eigenvalue of the A i -th matrix must take a negative real value in order to determine the quadratic stability of the vertex; it can be resolved that the second vertex conditions are the supreme, and it is enough to accomplish (see Appendix A for a proof):
to ensure the robust quadratic stability; so, it can be concluded that the proposed feedback linearization (17) stabilizes the nonlinear system (5) and (6) if the gains k 1 , k 2 are selected so that (25) and (26) are met.
Taylor Series Linearization for Voltage-Mode Controller
Although a direct feedback linearization can be carried out in order to nullify the nonlinear term in (6), as described in the previous section, possibly time-varying and hardly-estimable terms are involved, for example L(t). Instead of a direct feedback linearization, consider the Taylor-series linearization (7) and (8) and consider once again known ranges for parameter variation, additionally with V x (t) ∈ V x , V x as the output voltage operating point range, P(t) ∈ P, P as the output power range and the linear feedback u = −k 3 x 1 − k 4 x 2 . A polytopic, simplice system can be constructed as in Section 3.1, [27] 
Following the same technique used in Section 3.1, it is easy to demonstrate that:
where the σ boundaries are constructed with the boundaries of the parameter variation ranges as in the previous section. The stability of all of the vertices is ensured if:
It is worth mentioning that in this analysis, there is no restriction on the rate of change in the parameters including the value of the constant power transferred to the load. Therefore, it can be concluded that the proposed feedback, stabilizes the polytopic system (27) if the gains k 3 , k 4 are selected so that (31) and (32) are met. In order to accomplish these conditions, first select a k 3 and calculate σ 1 to determine the maximum value of k 4 .
Note that several linearizations in different operating points can be performed to obtain a switched polytopic system, and the global stability can be demonstrated by a CLF; however, it is not the objective of this paper. Refer to [29] for a switched polytopic stability approach.
Taylor Series Linearization for Current-Mode Controller
In current-mode, a feedback linearization as in the case of voltage-mode is not possible due to the squared current change (y 2 2 ). In this case, a direct linearization of (12) and (13) in the operating point y 1 = I r , y 2 = 0, u = u y and variable changes z 1 = y 1 − I r , z 2 = y 2 are performed:
Consider u = k 5 z 1 + k 6 z 2 where k 3 , k 4 > 0 are controller gains; the system (33) and (34) is now:
Again, a polytopic system can be built as follows:
For the quadratic stability of the system (39), every eigenvalue of the A i -th matrix must take a negative real value in order to determine the quadratic stability of the vertex. Calculating such conditions for γ 1 , γ 2 > 0, for all A i and for all the eigenvalues results in the controller gains conditions:
It is worth mentioning that, in this analysis, there is no restriction about the rate of change in the parameters including the value of the constant power transferred to the load. Once again, it can be concluded that the proposed feedback stabilizes the polytopic system (39) if the gains k 5 , k 6 are selected in a way that (41) and (42) are met.
Experimental Behavior
In order to illustrate the robust stability of the proposed controller even under arbitrary (bounded) changes, a 100-W testbed was implemented ( Figure 4 ) for a buck topology (although simulations were performed for a wide variety of tests including at high power ranges, such data are not presented here; the interested reader can refer to the Data Availability Section at the end of the paper for PSIM 11 schematics and data). At the top is a low voltage power source that feeds the low control board voltage at the bottom. In the middle are the power source and the electronic load from top to bottom. 
Equipment
In Figure 5 , the configuration of the testbed used to perform the demonstrative experiments is shown. The PEC and PWM were built in a single PCB. The PCB that was built is shown in Figure 6 . The low cost of the PEC, the 8-bit Microchip microcontroller running at 20 MHz, sampling at 625 kHz and the common 120-W P-MOSFET that were used, is worth highlighting. A programmable medium power DC power source (1200 W), Model 9116 from BK PRECISION, was used for the input; this source allows obtaining abrupt changes in output voltage and current. Additionally, a 600-W programmable DC electronic load, Model 8510 from BK PRECISION, was used as the output; this device allows setting a constant power (CPL) for some desired voltage or current and performs abrupt changes in the power level on-the-fly. Two mechanical switches SL and SC were laid to perform abrupt changes of the passive components of the PEC; that is, to connect/disconnect a parallel capacitor/inductor (CP/LP) with C and L. The output current is measured with a Tektronix A622 current probe with 100 mV/A (1 A) connected to a four-channel oscilloscope; the input and output voltages are measured by a direct connection to the oscilloscope. 2) was selected for the experiments due to its implementational simplicity (no current measure is performed to calculate the control output), such that controller gains that fulfill (31) and (32) were tuned with V x = 48 V. That is, first, k 3 = 3.5 > 0 was tuned to obtain a desired behavior, and with this value, σ 1 was calculated to determine the value of k 4 that fulfills (32); in such a case, k 4 results in a very low positive value.
Procedure
In order to show the validity of the analysis of this paper, several tests were performed in the testbed described in the previous section. The overall tests were performed at normal temperature conditions (22 degrees for the room temperature and 40 degrees at the heat sink).
The first representative test consists of performing abrupt input voltage changes emulating a real microgrid scenario. For a 100-W CPL the following sequence of input voltage changes was used: 90 V, 80 V, 70 V, 80 V, 90 V and 100 V. The output voltage response is shown in Figure 7 in purple at the bottom, while the input voltage is shown in blue at the top and the output current in yellow in the middle. The CPL is maintained at 50 W at 48 V.
The second representative test consisted of CPL changes, that is the constant power load value was modified in the following sequence: 50 W, 1 W, 80 W and 1 W, in order to recreate a scenario with several CPLs in a changing ON-OFF condition with e = 80 V. No adverse effects were detected in this test, as shown in Figure 8 ; again, the output voltage response is shown in purple at the bottom, while the input voltage is shown in blue at the top and the output current in yellow in the middle.
The third representative test consisted of performing a capacitance abrupt change by connecting a series capacitor of 3.9 µF with C through a switch (mechanical). The first 5 s (approximately) shown in Figure 9 correspond to a 1 µF capacitance; then, the switch is turned on up to 10 sto increase the capacitance to 4.9 µF, which is out of the design bounds. Note that the current ripple in the CPL increases slightly since more current is needed to charge the capacitor; however, the CPL voltage remains stable without transients. This procedure is repeated one time, as shown in the figure.
The fourth test consisted of performing an inductor abrupt change by a switch (mechanical). A parallel inductor of the same nominal value (2.3 mH) is connected to L from zero to 5 s (approximately) till the total inductance is 1.15 mH, which is out of the design bounds. Then, the switch is turned off, and the inductance turns to 2.3 mH up to 10 s. Note that in spite of a CPL current ripple increase (with a small inductance), the CPL voltage remains stable without transients. This procedure is repeated as shown in the Figure 10 . The last representative test presented in this paper was performed demanding a power load wattage from 50 W to 110 W, which is out of the design boundary [45, 100] W; Figure 11 shows the obtained results; note that the controller was able to maintain the output voltage without signals of instability, and only a small voltage transient of a 15% was perceived during the CPL change. Figure 11 . Output voltage (purple, bottom) and current responses (yellow, middle) for constant e (blue, top) and a large P change (out of the design bound P(t) = 110 / ∈ [45, 100] W).
Discussion of the Results
For the first test, Figure 7 shows the results obtained for both the input and CPL voltage, as well as the CPL current, during abrupt input voltage changes. This is a normal situation in an LVDC microgrid since the voltage is provided from a non-regulated source. In spite of the abrupt changes in input voltage, it is easily seen that the CPL holds with a constant output voltage as expected from the analysis. Note that a small output transient is presented at the beginning of the test; this is reasonable since a derivative controller was used, and initially, the absolute value of the error is high. This can be diminished (if desired) by an ad hoc tuning.
One difficulty encountered during the experiment was that an abrupt increment in the CPL value can easily damage the MOSFET if the voltage is low because the current increases rapidly. The solution was to use a MOSFET, with an adequate working voltage (V DS = 200 V).
For the second test, Figure 8 shows the results obtained for abrupt CPL changes. In this test, another LVDC microgrid real scenario is emulated since some loads in the microgrid can connect/disconnect from the bus unexpectedly. In spite of abrupt changes in CPL, it is easily seen that the CPL holds with a stable output voltage as expected from the analysis. Note that the CPL voltage ripple increases slightly when the CPL level is low (this is external to the boundaries of the design [45, 100] W).
For the third test, Figure 9 shows the results obtained for abrupt capacitance (C) changes. In this test, another real LVDC microgrid scenario is emulated since some loads in the microgrid can provide a parasitic impedance and/or the temperature or another variable can change the total capacitance of the PEC/RPEC. In spite of abrupt changes in capacitance, it is easily seen that the CPL holds with a stable output voltage as expected from the analysis. Note that the CPL voltage ripple increases slightly when the capacitance is high (as in the previous test; this is external to the boundaries of the design [0.9, 1.1] µF).
For the fourth test, Figure 10 shows the results obtained for abrupt inductance (L) changes. As in the previous test, another real LVDC microgrid scenario is emulated for parasitic impedances. In spite of the abrupt changes, it is easily seen that the CPL holds with a stable output voltage as expected from the analysis. Note that the CPL current ripple increases when the inductance is low (again, this is external to the boundaries of the design [2.2, 2.4] mH).
Finally, the fifth test emulates a CPL that is external to the boundaries of the design with a maximum of 110 W. Note in Figure 11 that a small output transient is present at every change due to the derivative action, but in spite of those, the CPL voltage remains stable.
Brief Comparison with Other Proposals
Though this proposed controller has an easy operation and dynamic response, its advantages have to be corroborated by comparing it with other proposals. In this paper, not only its complexity, theory and implementation, but also, the dynamic response is evaluated in order to fulfill this purpose. Because no experimental setup was built for additional proposals, the evaluation is performed based on data from existing literature on the subject. A brief comparison for the proposed controller with other schemes is given in Table 1 . These are found to be classified in terms of the theory and implementational difficulty. work. Additionally, as reported in Table 1 , this proposal has a similar response to active damping; however, it does not require much time to cope with CPL, since no sophisticated digital platform is required. Without a doubt, this proposal requires a natural digital implementation, however not necessarily a sophisticated one (an 8-bit microcontroller is used for the experimental tests). Besides, there are mathematical and experimental conditions where the controller may be operated properly, which do not occur with other proposals. For instance, abrupt changes in passive parameters. Although an in-depth practical comparison may be performed between references [8, 9, 14] and this proposal, this is beyond the purposes of this publication.
Conclusions
In the present work, the CPL stabilization problem was analyzed from a robust-polytopic point of view, for three basic converters even in a reconfigurable scheme while the activity is going on (on-the-fly).
It was also demonstrated that the design of a polytopic, robust controller is natural for the CPL problem since the ranges of power demand and other parameters are normally known. This controller is robust against reasonable (design) changes in the power source voltage/current level and in the values of the components.
It was analytically demonstrated and experimentally shown that a simple controller is enough to stabilize a CPL voltage/current even when all of the parameters are time-varying values if some conditions are met. Various scenarios of LVDC were emulated, and the validity of the analysis presented can be easily extended to other topologies of PEC, even for those reconfigurable ones while the activity is going on (on-the-fly).
The presented controller can be used in various real microgrid scenarios in which a stabilization of the output voltage with parameters that change with time and a piecewise constant power demand are present. The proposed controller and DC-DC converter can be extended for use in electric vehicles.
It is enough for stability to get the negative real part of every eigenvalue, that is:
Calculating the values of α 1 and α 2 results in:
Substituting (A6) and (A7) in (A4) and (A5), the controller gains conditions for quadratic stability can be determined:
For the second vertex, the same analysis can be performed, but now:
is used; and the controller gains are:
For the third vertex, the same analysis can be performed, but now:
For the fourth vertex, the same analysis can be performed, but now:
In order to obtain a single condition valid for the four vertices, it can be seen that selecting the greater of them will be enough, and quadratic stability will be achieved. The k 2 conditions are the same. For k 1 , it is demonstrated that the right side of (A20) is greater than the right side of (A8): Since e < e, C < C and L < L, the right side of (A20) is greater than the right side of (A8). Now, it is demonstrated that the right side of (A12) is greater than the right side of (A16): 
Since e < e, C < C and L < L, the right side of (A12) is greater than the right side of (A16). Now, it is demonstrated that the right side of (A12) is greater than the right side of (A20): Since e < e, C < C and L < L, the right side of (A12) is greater than the right side of (A20). It can be resolved that the second vertex conditions are the supreme, and it is enough to accomplish:
